We discuss the well-known phenomenon of spontaneous symmetry breaking for a linear sigma model for scalar and pseudoscalar mesons based on the meson composite structure and the normalization of the quantum states. To test our formulation and validate our approach we give another proof of the Goldstone theorem and derive the corresponding mass eigenstates of the theory. We briefly describe the possible wave function of a meson that leads to the adequate mass eigenstates.
I. INTRODUCTION
It is now well known that QCD is the theory of the strong interaction. At higher energies the coupling constant is small and there is an adequate perturbative description of the theory in terms of quarks and gluons. At low energies the coupling constant is large, the theory confines and one needs to introduce new dynamical degrees of freedom, the hadrons. The low energy hadron spectrum includes among others three very light particles, the pions. In order to explain the smallness of their masses and other properties of the hadron spectra one assumes that the corresponding meson Lagrangian is endowed with a chiral flavor symmetry: SU (2) L × SU (2) R (we consider only two flavors). This symmetry is both spontaneously broken by the formation of the chiral condensate as well as explicitly broken in the presence of the quark masses. The phenomenon of spontaneous chiral symmetry breaking is evident in a linear sigma model that includes both scalars and pseudoscalars and it is a particular example of spontaneous symmetry breaking of a global or gauge group which was described in a series of pioneering works [1] - [6] .
The aim of our work is to analyze spontaneous symmetry breaking from the point of view of the composite structure of the meson states. Although determining the exact substructure of the mesons in terms of the constituent quarks can be quite nontrivial, some general features may be considered and some important properties may be derived based on those. In section II we will show what one can learn about the meson states and spontaneous symmetry breaking for composite theories by considering the meson quark substructure. In essence we give another proof of the Goldstone theorem based on the normalization of the quantum meson states. In section III we compute the mass eigenstates of the hamiltonian after spontaneous symmetry breaking. Section IV contains a description of a possible meson wave function that leads to the correct mass spectrum. Section V is dedicated to the conclusions.
II. COMPOSITE STATES AND THE GOLDSTONE THEOREM
We consider a model that contains composite scalars and pseudoscalars, the most relevant example being the SU (2) L × SU (2) R linear sigma model for the mesons. The corresponding meson states have the structure [7] :
where i, j denote the flavor and A represents the color index. The model displays spontaneous symmetry breaking down to SU (2) V as soon as the vacuum condensatesΨ
In a linear sigma model the particles arrange themselves in triplets and singlets of the flavor group according to the representation:
Here π ± , π 0 and η correspond to the pseudoscalar states whereas a ± , a 0 and σ to the scalar ones. We are only considering aqq model to illustrate the connection but in reality it is known that the light scalars are considerably more complex and contain large four-quark component and glue component.
If one considers a simple Lagrangian that contains only the kinetic terms and a mass term then both the meson states in Eq. (2) and the quantitiesΨ i ( u and a pseudoscalar Φ 1 ∝ −i
The Lagrangian of interest is given simply by:
Note that both the fields Φ 0 and Φ 1 or u † R u L and u † L u R may be considered eigenstates of the Hamiltonian. In terms of the latter fields the Lagrangian becomes:
Assume that a vacuum condensate of Φ 0 forms:
Although we do not know exactly the exact structure of the scalars in terms of the up quark fields we can write quite safely the analogue of Eq. (5) as function of the individual quark states:
where b s p and b r † q are operators of annihilation and creation, v is the Dirac spinor solution of the equation of motion and f ( p, q) is a function that encapsulates our lack of knowledge with regard to the scalar structure in terms of the constituents. The result will contain a delta function δ( p − q) and the elementv s (p)v r (q) = −2mδ rs , where m is the mass of an individual quark. It can be observed that the matrix element in Eq. (6) is in general different than zero if the quark has a nonzero mass.
Let us consider the wave packets associated to the fields Φ 0 and Φ 1 :
where Φ 0 ( k) and Φ 1 ( k) are the Fourier transforms of the respective spatial wave function. Since Φ 0 and Φ 1 are composite they can be expressed quite generically in terms of the constituent quarks as:
Here the function f ( k, p) is as before and u, v are the standard spinor solutions of the Dirac equation of motion. It is necessary to have the same function f ( k, p) for both the scalar and the pseudoscalar in order to have the correct representation in terms of the quarks:
Note that here as opposed to the Eq. (8) u designates the up quark.
Having the generic expressions both for |Φ 0 and |Φ 1 we shall compute the normalization of states. Thus,
Then,
such that Eq. (10) becomes:
Using (we use the conventions in [8] with g µν = (−1, 1, 1, 1)):
we obtain:
Similarly one finds:
The two expressions for the fields Φ 0 and Φ 1 are completely identical apart from the factors:
where A corresponds to Φ 0 and B to Φ 1 . One can further write:
where we used the fact that for the spinor solutions of the equation of motion p 2 = −m 2 and k 2 = −m 2 where m is the mass of the quark.
Since generically one can consider p + k the momentum of the scalar and pseudoscalar state (it is sufficient to consider the wave function for the composite field to determine that) one can make a change of variable p + k = q, k = q − p to find the Fourier modes of the scalar and pseudoscalar fields.
In order to have a meaningful theory with a Lagrangian and a Hamiltonian we should be able to normalize simultaneously the states Φ 0 and Φ 1 . Note that if m = 0 the normalization of the states is the same and we are able to normalize them simultaneously. As m becomes different than zero the vacuum condensate forms and the normalization of the states differs showing that the Φ 0 and Φ 1 have actually different masses. Then a necessary condition for the theory to make sense is to have:
or, 2) Case II
where we added subscript 1 and 2 to show that the overall energy and mass for the quadrivector p+k is different for the two fields. Both conditions for each case must be satisfied simultaneously. Then for case I we pick (2p
and for case II we pick (2p µ k µ ) 2 = −x 2 + 2m 2 to determine that in either of these situations:
Then using the fact that:
we determine that |2p µ k µ | = 2m 2 and consequently x 2 = 0 or x 2 = 4m 2 . We can choose both possibilities but the second one would lead to zero mass for the scalar and non zero for the pseudoscalar. We thus pick the first choice as corresponding to the reality. However in the case where one considers two quarks one with the constituent mass m and the other with the constituent mass −m the second choice is the valid one and leads to a zero mass for the pseudoscalar. The second choice is also equivalent to considering both quarks with the same imaginary mass im. We shall discuss the second choice from a different point of view in more details in section IV.
Then from either of the Eq. (18) and (19) we determine:
Since (p + k) represents the four momentum of the scalar and pseudoscalar states we obtain that after spontaneous symmetry breaking the mass of the scalar Φ 0 will become 4m 2 whereas the pseudoscalar will be massless. This is quite a generic result which depends little or at all on the exact structure of the scalars and pseudoscalars in terms of the constituent quarks. Note that the factors of zero in the wave packet should be compensated by additional factors to be introduced in the denominators, more exactly in the structure function f ( k, p). Then the wave function for the composite scalars and pseudoscalars is constructed regularly afterwards with the new energy factors just determined through this method.
In summary we start with a picture where the fields Φ 0 and Φ 1 have the same mass be that zero to find out that the apparition of a quark condensate and the normalization of states leads to a change of picture where the scalar gains a different mass and the pseudoscalar becomes massless. In consequence we gave another proof of the Goldstone theorem applicable to composite theories.
III. A DIFFERENT PERSPECTIVE ON THE MASS EIGENSTATES
Assume instead of considering the initial Lagrangian in terms of the fields Φ 0 and Φ 1 we consider it in terms of the eigenstates (of the initial Lagrangian)
Initially we have:
with all the other matrix elements zero (here we took into account the normalization of states in order to get energy squared on the right hand side). Thus the hamiltonian is diagonal on the states S 1 and S 2 . Assume that the quarks get a mass different than zero. Then a vacuum condensate forms because the element,
is different than zero. Then the matrix elements in Eq. (23) remain the same and new matrix elements different than zero emerge:
We do not know exactly the value of a but we can diagonalize the hamiltonian to find that there are two eigenvalues:
We ask for the first eigenvalue to have the mass zero according to the Goldstone theorem. We obtain a 2 = m 2 and
The eigenstates in this case are exactly
with the mass zero and Φ 2 = S1+S2 √ 2 with the mass 2m 2 . Note that this is exactly the result that one would have obtained from a linear sigma model with a wrong sign mass term and a Φ 4 interaction. In this case however we did not depart from the purely kinetic plus mass term.
IV. THE SCALAR AND PSEUDOSCALAR WAVE FUNCTIONS
Let us consider again the SU (2) L × SU (2) R model mentioned in section II after the dynamical breaking of the symmetry through the formation of a vacuum condensate. For illustration we just pick two states π + ∝dγ 5 u and a + ∝du. We know that after symmetry breaking the pion should be massless so the question that arises is: what kind of quark substructure should π + and a + have to lead naturally to the desired mass spectrum? An example can be the following:
Note that we shall consider one quark with constituent mass m, the other with constituent mass −m to account for usual mechanism of spontaneous symmetry breaking where the particles have the wrong mass term in the Lagrangian. We consider that both quark states satisfy the Dirac equation with the mentioned masses. Then we apply the operator ∂ µ ∂ µ to the pion (here we use g µν = (1, −1, −1, −1)): 
We will treat the last term on the right hand side of Eq. (27) separately. We use:
to write,
